The differentially rotating outer layers of stars are thought to play a role in driving their magnetic activity, but the underlying mechanisms that generate and sustain differential rotation are poorly understood. We report the measurement of latitudinal differential rotation in the convection zones of 40 Sun-like stars using asteroseismology. For the most significant detections, the stars' equators rotate approximately twice as fast as their mid-latitudes. The latitudinal shear inferred from asteroseismology is much larger than 1 predictions from numerical simulations.
The differentially rotating outer layers of stars are thought to play a role in driving their magnetic activity, but the underlying mechanisms that generate and sustain differential rotation are poorly understood. We report the measurement of latitudinal differential rotation in the convection zones of 40 Sun-like stars using asteroseismology. For the most significant detections, the stars' equators rotate approximately twice as fast as their mid-latitudes. The latitudinal shear inferred from asteroseismology is much larger than predictions from numerical simulations.
Analysis of acoustic oscillations visible on the Sun's surface using helioseismology has been critical for constraining its rotation profile. Helioseismology has revealed that the rotation rate of the Sun's convection zone decreases with latitude (1, 2) . This latitudinal differential rotation has a magnitude of 11% of the average rate from equator to midlatitudes (≈ 45
• latitude) and 30% between equator and the poles. At the base of the convection zone, the Sun transitions to solid-body rotation. How such a rotation profile is established and maintained is still poorly understood. However, it is likely that differential rotation plays a role in sustaining the solar magnetic field through a dynamo mechanism (3) (4) (5) .
So far, little is known about the latitudinal differential rotation in other stars, and classical methods for investigating it are primarily sensitive to the near-surface layers.
Most studies rely on photometric variability from starspots at different latitudes (6) , or use Doppler imaging to track magnetic features at the surface and their migration in latitude (7, 8) . Another approach involves studying the Fourier transform of the spectroscopic line profiles (9, 10) .
Asteroseismology provides an opportunity to probe rotation inside stars, including Sun-like pulsators (11) (12) (13) , since it studies the resonant frequencies of waves within the body of the star. Among these are acoustic waves which travel at various depths and have a varying sensitivity to rotation with latitude. These accoustic waves can be used to infer the star's internal rotation both in radius and latitude (14) (15) (16) (17) .
The NASA Kepler spacecraft has provided high-precision, long-duration photometric time series for many stars, which is necessary for the study of differential rotation of Sun-like stars with asteroseismology.
Oscillations of Sun-like stars are driven by the stochastic convective motion of material in the outer envelope of the stars. Each mode of oscillation is identified by the overtone number n and spherical harmonic functions of angular degree l and azimuthal order m.
Modes with the same n and l but different m appear as multiplets of 2l + 1 components.
The splitting of modes in a multiplet provides information about the rotation profile and on the physical processes acting within the star (such as flows, internal structure, tidal forces).
An efficient means for quantifying the impact of rotation on the split frequencies of acoustic waves is through the use of Clebsch-Gordan a-coefficients a 1 , a 2 , a 3 , ... (18) . This decomposition has been used extensively in helioseismology but not in the analysis of other stars. For stars other than the Sun, only low-degree modes (l ≤ 3) can be observed and so only the coefficients a 1 , a 2 , and a 3 can be determined. The coefficient a 1 is an average of the rotation rate. The a 2 coefficient is related to the asphericity (19) , while a 3 is a measure of the latitudinal differential rotation (16) . The coefficient a 3 is positive when the pole rotates slower than the equator, that is if the star exhibits a solar-like rotation profile ( Figure S1 ). Conversely, a 3 is negative for anti-solar rotation profiles. Simulations tend to
show that fast rotation causes solar-like rotation while slower rotation rates lead to antisolar rotation (20) (21) (22) although simulations found an anti-solar rotation, at solar rotation rates (21, 22) . This is evidently incompatible with solar observations and constraints from other stars are necessary to resolve this issue.
Pulsations appear as Lorentzian profiles in a power spectrum of the star's photometric time series (23) . The analysis of the pulsations is performed by fitting a model to the power spectrum, using an MCMC sampling technique (11) . The contribution of a 1 to mode frequencies is easily measured, but the absolute value of a 3 is approximately two orders of magnitude smaller than a 1 so it is only possible to measure it using multi-year observations from space instruments such as Kepler.
We perform a combined measurement of the a 1 and a 3 coefficients for 40 stars of mass between 0.9M ⊙ and 1.5M ⊙ , observed as part of the Kepler LEGACY sample (24, 25) . By integrating the probability density functions of a 3 determined by fitting the power spectra, we compute the detection significance for either solar or anti-solar latitudinal differential rotation ( Figure 1 and Table S1 ). Applying a detection threshold at a probability of 84% (i.e. excluding a 3 = 0 with a detection significance > 1σ for a Gaussian) we find that none of the stars unambiguously show anti-solar rotation while 32% (13 stars) show significant solar-like rotation. Five stars have a detection probability of more than 97.5%
(or a significance > 2σ). The excess of solar-like rotators may be due to an observational limitation. Antisolar differential rotation is theoretically expected (20, 26) for slow rotators, in which a 1 and a 3 are difficult to measure. Our sample consists predominantly of fast rotators, and so we may only be sensitive to stars with solar-like rotation profiles.
Our most statistically significant detections have relatively high rotation rates compared to those below the detection threshold.
The Rossby number is an indicator of the influence of rotation on a fluid compared to convective motion. Current theory (20) predicts that solar-like rotators should have a Rossby number less than unity. For the majority of our significant detections, we find a Rossby number less than 0.8 (see Figure S2 ).
We now seek to estimate the rotational shear between the equator and higher latitudes.
For this, we select two representative stars (HD 173701 and HD 187160) in terms of a 1 , a 3 and internal structure (i.e. thickness of convection zone). Their power spectra are shown in Figure S3 -4 with the best-fiting model. HD 173701 is a cool dwarf of spectral type G8
(the Sun is of spectral type G2), with a mass 0.974 ± 0.029 M ⊙ and age 4.69 ± 0.44 Gyrs (24) . It is known to be very active (27) , with irregular variability on timescales that range from 8 to 40 days, likely caused by starspots. The probability density function deduced from the fit indicates that a 1 = 574.6 ± 82.0 nHz and a 3 = 28.4 ± 12.5 nHz ( Figure S5 ).
HD 187160 is of spectral type F9 and has a mass and age of 1.09±0.03 M ⊙ and 3.28±0.16
Gyrs. Thus, HD 187160 is similar to a younger version of the Sun. It has a visible magnitude of 7.4 and a faint, cool spectroscopic binary companion of magnitude 8.7 (28) .
The average internal rotation period is ∼ 9 days (a 1 = 1185.0±51.7 nHz). The light curve of HD 187160 shows variability at two distinct time scales, one at ≈ 9.4 days and another at ≈ 17.5 days. We attribute this variability to starspots on the surfaces of HD 187160
and its fainter non-interacting companion, respectively. We measure a 3 = 53.7 ± 25.0 nHz ( Figure S6 ).
We have evaluated the potential systematic errors associated with the mode-fitting methodology using simulated power spectra for HD 173701 and HD 187160 (23) . These systematic errors are small, meaning a 3 in both cases is positive with a probability higher than 97.5%. This confirms that these stars have poles that rotate slower than the equator.
To obtain a latitudinal rotation profile we use an inversion of the a-coefficients (16).
Because we only measure a 1 and a 3 , we are restricted to a two-parameter rotation model for this. We assume a solar-like rotation profile Ω(θ) = Ω 0 + 3Ω 1 (5 cos 2 θ − 1)/2 in the convection zone, where θ is the co-latitude (complementary angle of the latitude such that θ = 0 is the pole and θ = 90
• is the equator). The average internal rotation rate is given
by Ω 0 while the term in Ω 1 ∝ Ω pole − Ω eq measures the contrast in rotation (latitudinal shear) from the equator to the pole in the convection zone. In the equation, Ω pole and Ω eq are the pole and equator rotation rate, respectively. The convection zone extends from the surface down to 0.687R ⋆ for HD 173701 and to 0.785R ⋆ for HD 187160, where R ⋆ is the stellar radius. Due to its relatively fast rotation, HD 187160 was investigated for possible variations of a 1 with the overtone n ( Figure S7 ). We did not find evidence of significant variation. Studies of radial differential rotation of low-mass main-sequence stars indicate that variation in a 1 should not exceed 30% (29) , and we therefore do not expect this to have an effect on the inversion. Tables S2 and S3 contain the fundamental properties of the stellar models assumed for the inversion and the results of the inversion, respectively. Figure 2 shows the twodimensional rotation profiles and the probability density of the rotation rate at different latitudes for both stars. By construction, the profile is symmetric around the equator and around the rotation axis, so only one quadrant is shown. The rotation rate in the interior matches that of the envelope at a latitude of 26.5
• (θ = 63.5 • ), due to the structure of the two-zone rotation profile. As is shown by the probability density of the rotation profile, the uncertainty on the rotation rate increases substantially toward the poles, beyond a value of approximately 45 • latitude. At high latitudes, the modes become much less sensitive to rotation, thus yielding less information. This limit is imposed by the lack of visible modes with angular degree higher than l = 2 in the spectrum. We find that both HD 173701 and HD 187160 exhibit a latitudinal shear from equator to 45
• latitude ∆Ω 45 /Ω eq , that is approximately 5 times greater than that of the Sun.
As suggested by numerical simulations, the fast rotation of HD 187160 means that the functional form of its rotation profile may not be solar-like (23) . We have considered this possibility for HD 187160 ( Figure S8 ) and found that alternative rotation profiles have larger latitudinal shear than the solar-like rotation profile. However, computation of the Bayesian evidence (necessary to determine the goodness of the fit) shows that the solar-like profile is the most likely model.
Due to loss of angular momentum, such as by magnetic braking, a star's rotation is expected to slow with its age (1). This age-rotation relation is apparent in our data: Figure 3A ,B show a 1 as a function of the age given by stellar models (25) .
As shown by Figure 3C , the latitudinal shear between the equator and mid-latitude for the subset of 13 stars with significant detections is ≈ 60%, albeit with a large scatter.
HD 173701 and HD 187160 are representative of this ensemble, with a differential rotation of ≈ 50%. The Sun has a significantly lower shear factor than the considered ensemble.
The difference is of more than 1σ from the dispersion of the ensemble.
This unexpectedly large shear poses a challenge to theoretical models. The balance between angular momentum transport (due to anisotropy in the turbulent flow) and smallscale flows, which act as enhanced turbulent viscosity, plays a dominant role in regulating latitudinal shear (30) . The large shear we find indicates a correspondingly large anisotropy in the turbulence, leading to efficient angular momentum transport and suppression of turbulent viscosity. In a typical stellar convection zone, turbulent anisotropy, driven by rotation, substantially affects large-scale flows. Thus, enhanced angular momentum transport and diminished turbulent viscosity amplify large-scale flows and suppress smallscale flows. This could be caused by a very efficient small-scale dynamo, in which smallscale flows are suppressed (31) . In addition, large-scale magnetic fields tend to reduce shear through the Lorentz force (32) . However, our results indicate that Lorentz-force feedback is ineffective in the stars we investigated. Thus, the large-scale magnetic field is likely transported efficiently into the deeper regions of the star in which rigid rotation is expected. For this, magnetic pumping is a candidate mechanism (33) . 
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Materials and Methods
Target selection and power spectrum preparation
The ensemble of stars that are analysed in the present study are a subset of the LEGACY stars (24) . Those correspond to stars with at least one year of continuous observation and with the highest signal-to-noise ratio among stars observed by the Kepler space instrument. From simulations using similar methods as in the section Assessment of systematic errors of this supplementary material, we found that these conditions are necessary but not sufficient to accurately and precisely measure the a 3 coefficient. The main critical condition is that the l = 0 and l = 2 modes must be well separated so that there is no crosstalk between modes. This excludes the hottest stars of the LEGACY samples for which the mode identification is problematic (13, 34, 35) . The 40 analysed stars have effective temperatures approximately between 5250K and 6600K and metallicities between -0.7 and 0.4 (25, 36) . However, there is an over-representation of stars with a higher temperature and lower metallicity than the Sun.
The lightcurve and power spectrum preparation was found to be important as several careful steps must be followed to reveal the faint stellar pulsations. Different procedures may lead to slightly different power spectra. Here, we proceeded with the analysis of the weighted (weight being the uncertainties on the flux) and un-weighted power spectra (37) provided by the KASOC pipeline (kasoc.phys.au.dk). These are prepared using pixel data with a specific mask adapted for asteroseismic Kepler targets and following the procedure of (37) . No additional modifications are made, such that these data are the same as those used in (24, 25) to derive the main fundamental parameters of the LEGACY stars. In addition, for HD 73701 and HD 187160, power spectra using the in-painting technique (38) to mitigate the gaps in the timeseries were analysed. The results for a 1 and a 3 coefficient are found to be in agreement within 1σ. Our results are computed using the un-weighted spectra.
Fitting method of the power spectrum
The Maximum Likelihood Estimation approach (MLE) is often used to fit the power spectra (39) . However, it is mostly suitable for a likelihood function with a well-defined single maximum. We use instead a Bayesian approach coupled with a Markov Chain
Monte Carlo (MCMC) sampling algorithm. This method is known to be more adapted for measuring subtle effects in the data since it is less sensitive to converging on local maxima (35, 40) . Furthermore, the MCMC method often provides more conservative and robust estimates on the uncertainties, as it returns the marginalized probability distribution functions of the parameters.
In a Bayesian approach the statistical criterion is the posterior density probability function π(θ|y, M), built using conditional probabilities and Bayes' theorem,
Here, π(y|θ, M) is the probability of observing the data y given an underlying model M, where the model is characterised by the parameters θ. Also, π(θ|M) is the a priori knowledge of the fit parameters.
The noise statistics for the power spectral density of independent bins y i at a given frequency ν i is a χ 2 distribution with two degrees of freedom (in fact, an exponential distribution), which gives the likelihood,
with M(ν i , θ) ≡ M(ν) being the model. Note that the physical model M that describes the discrete observations y is continuous. However, conditioned on M, the observations are essentially independent. The assumption of independence is also justified by the very high duty cycle (> 95%) of the Kepler timeseries that we use. This means that the aliases and bin correlations in the power spectra due to the gaps in the time series are negligible.
This was verified for CoRoT space-based observations (13), a mission with a duty cycle of 90%. Furthermore, it is shown that a degraded duty cycle enlarges the uncertainty on frequency parameters, which always remains higher than the Cramér-Rao bound (for the time series without gaps), but approaches this to within a fraction of a percent for a 95% duty cycle (41, 42) . Therefore, the effects of the gaps on the power spectrum are negligible. The model is based on the sum of a noise background function N(ν), and of a sum of Lorentzian profiles (35) ,
Here, H n,l,m and Γ n,l,m , ν n,l,m represent the height, width and frequency of the modes, respectively. As shown by Eq. S9, ν n,l,m is parametrized as a function of a 1 , a 3 and β n,l,m . In addition, the noise background is described using a Harvey-like profile and a white noise, as in (13, 35) . The mentioned quantities constitute the parameter space of dimension ranging from 50 to 100, depending on the number of measured pulsation modes.
Although the parameter space is apparently large, note that the observations y contain typically 10 5 data points, which greatly exceed the number of parameters. Furthermore, the use of priors limits the sampled volume.
MCMC sampling
The analysis of the power spectrum was made using an MCMC algorithm, based on a Metropolis-Hasting scheme, with parallel tempering (43) (44) (45) . The number of parallel chains is fixed to c max = 10, with a temperature distribution following a geometric law T = λ c , fixing λ such that the maximum temperature is T max = 100 (and T min = 1). A total of 2 million samples are acquired (for each chain), after a burn-in phase of 100 000 samples and a training phase of 700 000 samples. This ensures that we reach an acceptance rate near 0.234 that remains stable along the acquisition phase (within ≃ 10%). The training phase uses an adaptive algorithm based on (46) to optimize the covariance matrix of the (Gaussian) proposal probability density function. More details are in (35) and the implementation in C++ is available at https://github.com/OthmanB/TAMCMC-C. We verify that the target distribution is reached by using different diagnostics. First, we compare results from the first half of the samples with the full set. We did not see changes that exceed 1% percent in the statistical indicators (median and confidence interval).
A visual inspection of the probability density functions is also performed. Secondly, we use the Heidelberger and Welch test (47, 48) and the Geweke test (49) . These are quantitative convergence tests that are applied to each of the parameters. We used their implementation in R from the CODA library (50), and the py-coda python module (https://github.com/surhudm/py-coda). The default parameters were used. We found that ∼ 500 000 samples are required to pass both convergence tests for all parameters of our spectral model. This is below the number of samples we perform for each star, ensuring that we are properly sampling the target distributions.
The effect of rotation on pulsation frequencies
The rotation of the star lifts the frequency degeneracy of non-radial modes (m, l = 0), producing a multiplet of 2l + 1 modes of azimuthal orders m.
For slow and moderate rotators (rotation periods larger than a few days), the rotation is a small perturbation S n,l,m relative to the spherically symmetric pulsations frequencies
The perturbation S n,l,m = (ν nlm − ν nl−m )/2m is the symmetric rotational splitting (51) and O(Ω 2 ) represents higher-order effects of the rotation (e.g. asphericity).
To first order, the perturbation on the frequency due to rotation is
Here, R ⋆ is the radius of the star and the kernel K n,l,m (r, θ) (15, 18) determines the sensitivity of the mode (n, l, m) to the rotation at the radial point r and co-latitude θ.
Here we also consider the second-order perturbation which accounts for the asphericity of the star. The centrifugal force distorts the oscillation mode cavities, inducing an additional frequency perturbation. This term scales as Ω 2 (r, θ = π/2)/(Gρ ⋆ ), where G is the gravitational constant and ρ ⋆ is the mean density of the star.
Other more complicated perturbations such as a large-scale magnetic field (52) may also modify the shape of the mode cavities. Naming these various perturbation terms ǫ(ν n,l ), the second-order effects of rotation on the mode frequencies can be expressed as,
with
and ∆ n,l ≈ 3/4 (15, 54). The term β n,l,m (ν n,l ) should be added to Eq. S4 to have the total perturbation due to rotation and to the asphericity of the star.
When modelling the pulsation frequencies, we investigate cases with only the centrifugal term η n,l,m and compare with cases when ǫ(ν n,l ) = 0. This enables us to evaluate whether other forces than the centrifugal force distort the star.
In this study, the final objective is to solve an inverse problem, which consists of inferring the rotation profile based on measures of S n,l,m . In the early days of helioseismology, the Clebsch-Gordon a-coefficient decomposition (18, 55-57) was used to describe the splitting S n,l,m in terms of a sum of polynomial coefficients a 1 , a 2 , ..., a k . The decomposition associates the odd coefficients with the characteristics of the rotation, such as the differential rotation.
In the Kepler observations of HD 187160 and HD 173701, only l ≤ 2 modes could be precisely measured. This limits the number of measurable a-coefficients to a 1 and a 3 , which we subsequently use in our inversion for the rotation profile Ω(r, θ).
The symmetric splitting for l = 1 and l = 2 modes is a combination of a-coefficients
S n,2,m = a 1 (n, 2) + 1 3 (5m 2 − 17)a 3 (n, 2).
In order to improve the robustness of the estimates, we simplify these equations by assuming S n,1,1 = S n,2,2 , which leads to a 1 (n, 1) = a 1 (n, 2) + a 3 (n, 2). Looking at models of the stars, we could verify that S n,1,1 differs by only ≈ 5% from S n,2,2 . Finally, noting that the dependence on n of a 1 (see figure S7 ) is in practice difficult to measure (58), the perturbed frequencies ν n,l,m are now approximated by,
with a 1 = a 1 (n, 2), a 3 = a 3 (n, 2) are averages over n; with C 1,m = m and C 2,m =
Eq. S9 is the relation that is used when fitting the power spectrum with the method described in the section Fitting method of the power spectrum. Note that the derivation of the rotation profile using the observed a-coefficients requires another step, described in the section Seismic inversion for the rotation profile from a 1 and a 3 .
The choice of the prior π(θ|M) is important in a Bayesian framework. Specifics concerning the choice of priors in the case of a solid-body rotation are already described in several studies (35, 59) . However, our model differs in terms of rotation as it involves the measure of the average internal rotation a 1 , the asphericity β n,l,m (ν n,l ) and the latitudinal differential rotation by means of a 3 . Priors on each of these parameters are justified below.
Prior on a 1
We choose a non-informative uniform prior on a 1 of the form,
The average internal rotation rate is expected to be below a few days so that a Prior on β n,l,m (ν n,l ) when ǫ(ν n,l ) = 0
Here, we consider the special case for ǫ(ν n,l ) = 0. Then the only perturbation to the frequency is η n,l,m = 4π Q l,m 3 Gρ⋆ ∆ n,l ν n,l Ω 2 (r, θ = π/2), and so it is possible to approximate a 1 as Ω(r, θ = π/2). Modes of high adjacent radial order and of the same degree l are separated by an almost uniform frequency spacing ∆ν, the so-called large separation.
The large separation is related to the sound speed c(r) inside the star and is sensitive to the mean stellar density ρ ⋆ . Assuming that the solar structure scales with other Sun-like stars, one can relate the mean solar density ρ ⊙ = (1.4060 ± 0.0005) × 10 3 kg m −3 and its mean frequency spacing ∆ν ⊙ = 135.20 ± 0.25 µHz (60), with those of other stars,
This allows us to re-formulate η n,l,m as,
The relative difference in radius between the equator and the pole ∆R/R of the star is then simply given by,
Noting that ∆ν is known a priori with a typical error of only ≈ 0.5%, while a 1 is constrained to ≈ 5%, it is clear that the main source of uncertainty is a 1 . We therefore fix η 0 , which is equivalent to the prior,
where δ is the Dirac delta function.
Prior on β n,l,m (ν n,l ) when ǫ(ν n,l ) = 0
Several mechanisms other than the centrifugal force may affect the asphericity of the mode cavity, and so models with ǫ = 0 are also considered in this study. Noting that β n,l,m (ν n,l ) contains all of the information about the asphericity, the most general analysis strategy consists in fitting directly for β n,l,m (ν n,l ). Disentangling ǫ(ν n,l ) from the centrifugal term can then be done a posteriori. One must first decide upon a functional form for β n,l,m (ν n,l );
here we use
where β 0 is a free parameter. With this expression, β 0 can be directly compared to the coefficient η 0 a 2 1 of the centrifugal force, so that the presence of additional forces can be easily determined.
An examination of Eq. S15 shows that an asphericity mostly shifts the m = 0 component either to higher frequency (for an oblate star) or to lower frequency (for a prolate star), compared to the frequencies of a spherically symmetric star. Considering Eq. S9 lets us define a limit on β 0 ,
with 0 < C < 1 as an adjustable parameter. When C = 1, ν n,1,m=0 = ν n,1,m=1 . This possibility is rather extreme and not expected in slow rotators, for which the asphericity caused by the centrifugal force is ∆R/R ≈ 10 −5 . At solar density and with pulsation frequencies comparable to the Sun, this represents at most a frequency shift of the zonal component ν n,l,m=0 of 100 nHz. This has to be compared to a rotational splitting of ≈ 2000 nHz for a solar-like star rotating in a few days. In our analysis we consider instead C = 0.5. It is evident that the maximum of a 1 (a max 1
) and the minimum of ν n,1
(ν min n,1 ) must be known a priori in order to use this condition. These are obtained by fitting the power spectrum of the star with fixed ǫ(ν n,l ) = 0 and a 3 = 0. Note that a 3 ≪ a 1 such that the maximum value of a 3 , a 
Prior on a 3
Because the amplitude of the latitudinal differential rotation is expected to represent only a fraction of the average rotation rate, one can consider a 3 ≪ a 1 . Furthermore, the Sun has evidently a faster rotation at the equator than at the pole (which corresponds generally to a 3 > 0), but the opposite scenario (case with a 3 < 0) cannot be excluded a priori in other stars (61) . The chosen prior must therefore consider both positive and negative solutions of a 3 . Examination of Eq. S9 shows that a 3 is a location parameter (62) .
Location parameters have probability density function invariant by translation. Seismic inversion for the rotation profile from a 1 and a 3
Once a-coefficients are measured from the power spectrum using Eq. S1-S3 (see the sections Fitting method of the power spectrum and The effect of rotation on pulsation frequencies, for details), one needs to translate them into a stellar rotation profile. This section explains this procedure.
Choosing orthogonal polynomials implies that the a-coefficients correspond one-to-one to a projection of Ω(r, θ) onto polynomials ψ i (θ),
with Ω s (r) is a radial rotation profile, to be chosen (18, 57, 63) .
Only two measurements are available to us (a 1 and a 3 ) so in order to resolve the inverse problem without facing degeneracies of parameters, we are limited to a two-zone model such that Ω(r, θ) = Ω 0 (r)ψ 0 (θ) + Ω 1 (r)ψ 1 (θ) where (16)
These choices of ψ 0 and ψ 1 ensure that there exists a one-to-one relation between the a-coefficients and the rotation parameters Ω 0 (r) and Ω 1 (r). Since the Sun has nearlyuniform rotation in the radial direction (1, 2, 64) , and a latitudinal rotation gradient in the convective zone, an appropriate choice is to define the zone boundary at the interface between the radiative and convective zone. By using this model we can write, Ω 0 (r) = Ω 0 and,
with Ω 0 the average rotation rate of the star and Ω 1 ψ 1 (θ) the latitudinal rotation rate.
This profile assumes that the radiative zone does not rotate notably faster than the convective zone. This is consistent with most recent observations of main-sequence stars (11, 29, 65, 66) . In the convective zone, the rotation profile can be recast as a function of the contrast of rotation between the equator and pole ∆Ω = Ω pole − Ω eq = 15Ω 1 /2 and the equatorial rotation,
Here Ω eq is the equatorial rotation and Ω pole is the polar rotation. By using the definition of the rotational splitting,
and noting that a 3 = (S n,2,2 − S n,2,1 )/5, we obtain that
and
where K 2,2 (r, θ) and K 2,1 (r, θ) are kernels averaged over the range of observed radial orders.
Since the integrals in Eq. S26 is ≈ 1 (15), we obtain
Eqs. S26 and S27 can be inverted once the kernels are known. This will give us the probability densities of the coefficients Ω 0 and Ω 1 . To do this we first need to evaluate the integrals of the rotation sensitivity kernels K 2,2 and K 2,1 to compute the mass density profile of the stars and their oscillation mode eigenfunctions and determine K 2,2 and K 2,1 .
This can be achieved by using a stellar evolution and oscillation codes to find the best stellar model that describes seismic (frequencies) and non-seismic observables (log(g), effective temperature, etc.). Such a computation was done in (25) for the LEGACY project, a project that focuses in modeling stars observed by Kepler for longer than a year.
Here, we use stellar models from (25) based on the stellar evolution code astec (67, 68) and the pulsation code adipls (69). The optimisation procedure used to find the best stellar models is named astfit by their authors.
Testing cylindrical rotation profiles for HD 187160
For fast rotating sun-like stars, axisymmetric mean-field simulations and some 3D convection simulations (20) suggest that the morphology of the rotation profile may differ from the Sun. These simulations, which parametrize the angular momentum transport through anisotropic turbulent Reynolds stresses, tend to have rotation that is almost constant on cylinders for very fast rotation rates. Then the rotation depend largely on the distance to the rotation axis. The differential rotation profile in the convection zone then depends on the distance ̟ to the rotation axis, with ̟ = r sin(θ). For example, some studies (70) found that for a rotation period of 4.5 days (corresponding to 6 times faster than the solar rotation rate Ω ⊙ ) the rotation profile shows both solar-like and cylindrical characteristics in the convective zone. It becomes almost completely cylindrical for Ω ≈ 10Ω ⊙ . On the other hand, it has been suggested that cylindrical profiles may appear for rotation rates as low as Ω ≈ 2Ω ⊙ (71), with a weak gradient of rotation for ̟ > r c and a rotation that increases outward almost linearly for ̟ < r c . In these simulations, the rotation rate is almost constant inside the cylinder. From the simulations, r c is typically the position of the transition between the convective outer layers and the inner radiative layers, called the tachocline. Other simulations found a cylindrical rotation in the convective zone when Ω ≥ 3Ω ⊙ (72), but with a rotation that varies with ̟ throughout the entire convection zone.
The latitudinal entropy gradient in the bulk of the convection zone plays an important role determining the details of the rotation profile (73) . As the rotation rate increases the effect of the latitudinal entropy gradient becomes less important and rotation will tend to be constant on cylinders everywhere. In particular, the rotation rate inside the cylinder in the convection zone will be that of the radiative interior (which is usually assumed to be constant).
Despite these differences, most models suggest that rotation should be faster at the equator than at higher latitudes for stars that rotate faster than the Sun (74) . Asteroseismology may provide a means of verifying the plausibility of such simulations. The cylindrical profiles suggested by the mean-field and convection simulations can be written
In this equation Ω rad is the rotation rate inside the radiative zone and Ω CZ (̟) is the rotation profile within the convective zone. The angular velocity may vary linearly with distance from the rotation axis throughout the convection zone such that
Here, Ω eq and Ω pole denote the equatorial and polar rotation rate.
Alternatively the rotation can also be constant inside the cylinder, meaning that there is no change in the rotation profile when crossing the transition between the convective zone and the radiative zone,
This leads to the absence of a tachocline such that unlike the Sun, the radiative interior is not rotating uniformly.
The model described by Eq. S30, which maintains the presence of a tachocline is perhaps better adapted to the transition between slow and faster rotation, while the second case (Eq. S31) is for even faster rotation.
The parameters in Eq. S30 (Ω rad , Ω eq , and Ω pole ) and Eq. S31 (Ω rad , Ω eq ) are estimated in a Bayesian framework for HD 187160. The likelihood f (Ω(r, θ)|a 1 , a 3 ) is chosen as a bivariate normal density. The moment of the likelihood probability density are estimated from the MCMC samples obtained from the fit of the power spectrum.
We attempted to compute the posterior distributions for the most realistic model that accounts for a tachocline (Eq. S30). However, since there are only two measurements (a 1 and a 3 ), we observe significant degeneracies between the three parameters of the model. The posterior distributions of the model parameters with tangent cylinders and no tachocline is shown in Figure S8 . Here, the solution is well defined with Ω eq = 2452 ± 603 nHz and Ω rad = 949 ± 197 nHz. We determine that the shear between 45
• and the equator is ∆Ω 45 /Ω eq ≈ 1.00.
This is a stronger differential rotation than the solar-like model. To evaluate which model could be the most compatible with the observations, the Bayesian evidence is computed. We find that the solar-like model is 1.7 times more likely. This is a substantial difference but not strong enough to decisively reject a rotation in cylinders (62) .
Assessment of systematic errors
An earlier study (17) evaluated the possibility of measuring a 3 . However, they did not consider a global fit. They investigated the reliability of a 3 by fitting a frequency range ∆ν, with a single set of l = 0, 1, 2 modes, and assuming an average rotation rate two to six times that of the Sun. They also considered solar mode lifetimes such that for faster rotation rates, the split components become well separated. Under these conditions, measurements of a 1 , β n,l,m (ν n,l ) and a 3 are unbiased and reliable within a range of inclination 35 < i < 75
degrees. In light of the latest Kepler observations (24), it is now evident that these conditions are optimistic. The main reason is that fast rotation is often associated with hot stars (11), which typically have short-lived pulsations. Thus, mode blending may prevent us from separating the split components and achieving the required level of precision to determine a 3 . Furthermore, the methodology for analysing solar-like pulsations involves the simultaneous fit of all statistically significant modes of the power spectrum, contrary to (17) .
It is therefore important to assess the potential systematics on rotation parameters inferred from seismology with realistic simulations. This is achieved by generating arti-ficial spectra that use the same signal-to-noise ratio, mode widths (Γ n,l ) and frequencies (ν n,l ) as those obtained when fitting the power spectra with a 3 = 0 (see equation S3).
The frequency resolution is also fixed to that of the observations.
Contrary to the real data, the systematic error on a 1 and a 3 is obtained by analysing the artificial noise-free power spectrum (often referred as to the limit spectrum Each of the spectra is fit using the same method and algorithm as for real observations. This gives the probability density function (PDF) for each parameters in the fit, including a 1 , a 3 and i. The biases are defined as
where b(x (true) ) is the systematic error for the parameter x (either a 1 or a 3 ) estimated from the grid. It is estimated using the measured value x (obs) from the fit, and the true input of the simulation x (true) . The grids contain 350 nodes at which the systematic effects are evaluated.
There is no trivial method to remove the bias on the parameters. However, assuming that the parameter space is smooth near the best fit to the observations, one could in principle evaluate the bias-free distribution from
which simplifies to
Here again, x represents either a 1 or a 3 , and ∇b(x) is the gradient estimated from the grid at the position x (obs) . However, in order to have a more robust estimate of the bias, we choose to just evaluate the average systematics b(
using the N samples within the 2σ volume of the probability distribution of a 1 or a 3 . Note that using an average over a 1σ, 2σ or 3σ volume changes the average systematics by a few percent.
Using the above-mentioned method, we estimate that a 1 is likely underestimated by 5.5% (64 nHz) and a 3 is overestimated by 7.5% (4 nHz) for HD 187160. As for HD 173170, the a 1 might be overestimated by 2.3% (13 nHz) and a 3 underestimated by 10.5% (3 nHz).
This remains small compared to the achieved precision for those stars. Normalized probability density Figure S5 : Correlations for rotation coefficient a 1 and a 3 for HD 173701 derived from the power spectrum. The asphericity coefficient ∆R/R and the stellar inclination are also shown. The a 3 > 0 coefficient denotes that the latitudinal differential rotation is of solar-type at more than 2σ confidence shown in light gray area. The star has a probability of 61% to be prolate (∆R/R < 0), but due to large uncertainties, the asphericity remains marginally consistent with a pure centrifugal distortion (red curve). Normalized probability density Figure S6 : Correlations for rotation coefficient a 1 and a 3 for HD 187160 derived from the power spectrum. The legend is the same as figure S5 . However, here the asphericity is consistent with a pure centrifugal distortion (red curves). The star is oblate (∆R/R > 0) with probability of 98%. Figure S7 : Coefficient a 1 in function of the frequency for HD 187160. Diamonds show the result of a fit of HD 187160 using independent a 1 (n, l) coefficients for all observed l = 1 (black) and l = 2 (red) modes, compared to the best fitting model of a constant a 1 (solid line) and its confidence interval at 1σ (dashed lines). Fitting individual splittings gives large uncertainties. All measures of a 1 (n, l) remain consistent at 2σ with the fit of the power spectrum with a constant a 1 , such that there is no evidence of a significant radial differential rotation in the stellar interior. Figure S8 : Rotation coefficients for a cylindrical rotation. Posterior distribution for Ω rad and Ω eq of HD 187160 for a tangent-cylinder rotation (no tachoclyne) in the convective zone. Table S1 : Derived a 1 and a 3 from power spectrum fitting. Asteroseismic measurements of a 1 and a 3 , along with the probability of having a 3 positive (solar-like rotation). The stars are identified using the KIC or HD number, and coordinates (R.A., Dec.). Fundamental parameters of these stars are in (25) and in Table S2 . Table S4 : Characteristics of the data retained for the analysis. This comprises the data version available at kasoc.phys.au.dk, the used quarter interval, the total observation duration and the frequency resolution of the spectrum. The power spectra used in this work are available at https://doi.org/10.7910/DVN/8SK6OL.
